In this paper we study a static cyclic symmetric traversable wormhole in (2 + 1)−dimensional gravity coupled to nonlinear electrodynamics in anti-de Sitter spacetime. The solution is characterized by three parameters: mass M , cosmological constant Λ and one electromagnetic parameter, qα. We determine in exact form the quasinormal modes (QNM) that result from the interaction with a massive scalar field. The effective potential in the Klein-Gordon equation resembles the one of a harmonic oscillator shifted from its equilibrium position; the characteristic frequencies of the QNM turned out to be real, therefore the system is non-dissipative. Then we address the causality of this spacetime, determining its maximal extension and constructing the corresponding Kruskal-Szekeres and Penrose diagrams.
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I. INTRODUCTION
Anti-de Sitter gravity in (2 + 1)-dimensions has attracted a lot of attention due to its connection to a Yang-Mills theory with the Chern-Simons term [1] , [2] . Moreover, taking advantage of simplifications due to the dimensional reduction, three dimensional Einstein theory of gravity has turned out a good model from which extract relevant insights regarding the quantum nature of gravity [3] . In three spacetime dimensions, general relativity becomes a topological field theory without propagating degrees of freedom. Additionally, in string theory, there are near extremal black holes whose entropy can be calculated and have a near-horizon geometry containing the Bañados-TeitelboimZanelli (BTZ) solution [4] , [5] . Particularly for the (2+1)-dimensional BTZ black hole, the two-dimensional conformal description has by now well established [6] : the BTZ black hole provides a precise mathematical model of a holographic manifold. For these reasons systems where the conformal description can be carried out all the way through are very valuable.
On the other hand nonlinear electrodynamics (NLED) has gained interest for a number of reasons. Nonlinear electrodynamics consists on theories derived from Lagrangians that depend arbitrarily on the two electromagnetic invariants, F = 2(E 2 −B 2 ) and G = E ·B, i.e. L(F, G). The ways in which L(F, G) may be chosen are many, but there are two of them that outstand: the Euler-Heisenberg theory [7] , derived from quantum electrodynamical assumptions and that takes into account some nonlinear features like the interaction of light by light. And the Born-Infeld theory [8] , [9] , proposed originally with the aim of avoiding the singularity in the electric field and the self-energy due to a point charge, it is a classical effective theory that describes nonlinear features arising from the interaction of very strong electromagnetic fields, where Maxwell linear superposition principle is not valid anymore. Interesting solutions have been derived from the Einstein gravity coupled to NLED, like regular black holes, wormholes sustained with nonlinear electromagnetic fields, among others, see for instance [10] . It is also worth to mention that some nonlinear electrodynamics arise from the spontaneous Lorentz symmetry breaking, triggered by a non-zero vacuum expectation value of the field strength [11] .
Wormholes in the anti-de Sitter (AdS) gravity are interesting objects to study for a number of reasons. For instance, regarding the transmission of information through the throat, the understanding of the details of the traversable wormhole and its quantum information implications would shed light on the lost information problem [12] . The thermodynamics of a wormhole and its trapped surfaces was addressed in [13] , establishing that the accretion of phantom energy, considered as thermal radiation coming out from the wormhole, can significantly widen the radius of the throat. In [14] it is shown that Euclidean geometries with two boundaries that are connected through the bulk are similar to wormholes in the sense that they connect two well understood asymptotic regions. In [15] it is constructed a wormhole via a double trace deformation. Alternatively, wormhole solutions are constructed by gluing two spacetimes at null hypersurfaces, [16] [17] . Contrasting this procedure, in a recent paper the authors derived exact solutions of the Einstein equations coupled to nonlinear electrodynamics that can be interpreted as wormholes and for certain values of the parameters such solutions become the BTZ black hole [18] .
Moreover, wormholes are related to black holes; black hole spacetimes and wormholes are obtained by identifying points in (2+1)-dimensional AdS space by means of a discrete group of isometries, some of them resulting non-eternal black holes with collapsing wormhole topologies [19] .
In this paper we present an exact solution of the Einstein equations in (2+1)-dimensions with a negative cosmological constant (AdS) coupled to nonlinear electrodynamics. The solution can be interpreted as a wormhole sourced by the nonlinear electromagnetic field with a Lagrangian of the form F 1/2 . The solution is characterized by three parameters: mass M , cosmological constant −Λ = 1/l 2 and the electromagnetic parameter q α . It is a particular case of a broader family of solutions previously presented in [18] . Such a wormhole is perturbed with a massive scalar field. By transforming to the tortoise coordinate, the Klein-Gordon equation acquires a Schroedinger-like form, whose corresponding effective potential is a confining one. The Schroedinger-like equation is solved in exact form determining the frequencies arisen from the interaction of the wormhole (WH) with a massive scalar field, imposing the boundary conditions of purely ingoing waves at the throat and zero outgoing waves at infinity. We found that the allowed spectra for the scalar field is of real frequencies, showing then that the wormhole does not swallow the field as a black hole would, but the field goes through the throat passing then to another universe, and preserving the energy of the test field. This also shows the stability of the solution.
The analogue to the Kruskal-Szekeres diagram for the WH is constructed, showing that the light trajectories traverse the wormhole. The causality is investigated by means of the Penrose diagram, that in this case resembles the anti-de Sitter one but with the WH embedded in it.
The outline of the paper is as follows. In the next section we present the metric for the wormhole and the field that sources it as well as a brief review on its derivation. In Section III the Klein-Gordon (KG) equation for a massive scalar field is written for the WH. The radial sector of the KG equation, when written in terms of the tortoise coordinate, takes the form of a Schroedinger equation that is solved in exact form, obtaining the quasinormal modes (QNM) by imposing the WH boundary conditions. In Section IV we find the maximal extension and then the Penrose diagram of the studied solution is constructed. Final remarks are given in the last section. Details on the derivation of the solution for the QNM as well as the setting of the boundary conditions are presented as an Appendix.
II. THE WORMHOLE SOURCED BY NONLINEAR ELECTRODYNAMICS
The action of the (2+1) Einstein theory with cosmological constant, coupled to nonlinear electrodynamics (NLED) is given by
where R is the Ricci scalar and Λ is the cosmological constant; L(F ) is the NLED characteristic Lagrangian. Varying this action with respect to gravitational field gives the Einstein equations,
where E ab is the electromagnetic energy-momentum tensor,
where L F stands for the derivative of L(F ) with respect to F and f µν are the components of the electromagnetic field tensor. The variation with respect to the electromagnetic potential A a entering in f ab = 2∂ [a A b] , yields the electromagnetic field equations,
where ( * f ) a is the dual electromagnetic field tensor which, for (2+1)-dimensional gravity, in terms of f ab , is defined
with (a = t, r, φ). We shall consider the particular nonlinear Lagrangian, L(F ) = √ −sF ; these kind of Lagrangians have been called Einstein-power-Maxwell theories [20] , [21] . On the other hand, in [18] was shown that in (2+1) Einstein theory coupled to NLED the most general form of the electromagnetic fields for stationary cyclic symmetric 2+1 spacetime, i.e., the general solution of the equations (4), is given by 
With these assumptions a five-parameter family of solutions with a charged rotating wormhole interpretation was previously presented in [18] . In this work we shall address in detail the (2+1)-dimensional static cyclic symmetric wormhole.
For the sake of completeness, we give a brief review on the derivation of the solution. The field equations of general relativity (with cosmological constant) coupled to NLED for a static cyclic symmetric (2+1)-dimensional spacetime with line element
written in the orthonormal frame { θ
The metric given by
is a solution of the Einstein-nonlinear electrodynamics field equations, with cosmological constant, with the nonlinear electromagnetic Lagrangian L(F ) = √ −sF , whose electromagnetic field tensor is given by (5) and with the parameter c given by c = √ 2M 2 q α /(6 √ s). For q α = 0 it is achieved that the electromagnetic invariant vanishes, F = 0, and then the line element (10) reduces to the static BTZ solution. Hence, the present metric (10) can be thought as a generalization of the static BTZ black hole.
In order to obtain the solution (10) , note that
with M being an integration constant. On another hand, according to (5) , for the line element (6) the invariant F takes the form,
If one replaces F from Eq. (12) into L(F ) in Eq. (8), we arrive at
Now, by substituting c = √ 2M 2 q α /(6 √ s) into the previous equation, yields
whose general solution is
with q β an integration constant. Finally, by substituting (11) and (15) into (9), one finds
such that equation (9) is trivially satisfied by the Lagrangian L = √ −sF , the structural functions f 2 (r), N 2 (r) given by (11 ) and (15), and the electromagnetic field given by (5).
A. Wormhole properties
Let us show that the solution (10) allows for a charged traversable wormhole interpretation. The canonical metric for a (2+1)-dimensional static cyclic symmetric wormhole [22] is given by
By comparison with (10) we see that e Φ = −q α M r + q β √ −M − Λr 2 and b(r) = r(1 + M + Λr 2 ), where −Λ = 1/l 2 . In this paper the case q β = 0 will be the subject of our study,
Then we can check the WH properties of the metric (19): (i) The existence of a throat r 0 where b(r 0 ) = r 0 . Such a throat is located at r 0 = √ l 2 M . The range of the r-coordinate is in the interval r ∈ [r 0 , ∞).
(ii) The absence of horizons. It is fulfilled since e 2Φ = (−q α M r) 2 is nonzero for all r ∈ [r 0 , ∞). (iii) The flaring out condition that is related to the traversability of the WH. The fulfilling of this condition keeps the throat open. Though this condition is of no consequence for our analysis on the QNMs, it happens to be fulfilled. This condition is guaranteed if the derivative of b(r) when evaluated at the throat is less than one, b ′ (r 0 ) < 1; in our case, b ′ (r 0 ) = 1 − 2M < 1. The nonlinear field in our case is generated by the Lagrangian L(F ) = √ −sF , where F , the electromagnetic invariant, and the only non-vanishing electromagnetic component, f tφ , are given, respectively, by
Moreover, it is well known that ordinary matter is not worth to open a throat and so create a wormhole; we have to invoke non-ordinary matter to do the task. The energy-momentum tensor of these kinds of matter, in general, do not fulfil one or several of the energy conditions; more often is the strong energy condition (SEC) the one that is violated, i.e. there are frames with non-positive pressures. In our case the Lagrangian does not satisfy the null energy condition (NEC). To check the violation of the NEC for the NLED, let us consider the null vector in the orthonormal frame, n = (1, 1, 0), and calculate
, then, using (8) to determine L, we obtain that
from which we see that NEC is violated; particularly, evaluating at the throat r
III. QNM'S OF A MASSIVE SCALAR FIELD PERTURBING THE WH
The QNM encode the information on how the system interact with a perturbing field; they depend on the type of perturbation and on the geometry of the background system. The QNM of the BTZ black hole have been determined for a number of perturbing fields, namely, scalar, massive scalar, electromagnetic, etc [23] , [24] , [25] . In this section we address the perturbation of the previously introduced WH, (19) , caused by a massive scalar field Ψ(t, r) of mass µ. The effect is described by the solutions of the Klein-Gordon (KG) equation,
or, equivalently, 
The scalar field is suggested of the form
where ω is the frequency of the perturbation and ℓ is the azimuthal angular momentum. Substituting (24) into the KG equation, we arrive to a second order equation for R(r),
R(r) is completely determined once the appropriate boundary conditions are imposed. For the WH, with r 0 being the throat, the boundary conditions for the QNM consist in assuming purely ingoing waves at the throat of the WH, r = r 0 , that in terms of the tortoise coordinate is R(r) ∼ e −iωr * . While it shall be required the vanishing of the solution at infinity, r → ∞,
where r * is the tortoise coordinate defined by
Since Eq. (25) diverges at the throat, r
it is useful to put the KG equation in terms of the tortoise coordinate, r * .
A. KG equation in terms of the tortoise coordinate r * In terms of the tortoise coordinate the line element (19) acquires the form
In Section IV we shall start from this form of the metric to build the Kruskal diagram. Integrating Eq. (28) for the tortoise coordinate, r * , we obtain
We should remark that r * is real, in spite of how it looks in Eq. (30). It turns out that r * in the previous form is very convenient when applying the boundary conditions. It can be shown that r * can be written equivalently as
Since the function tan −1 (x) is periodic, then r * is not uniquely defined in terms of r, i.e., for each value of r there are multiple values of r * , r * + nπ. The range of r * is determined by its values at the throat, r 0 , and at infinity: at the throat r * (r 0 ) =
where n is the integer defining each particular branch. Since all these branches are equivalent, we select the branch n = 1; consequently, the range of tortoise coordinate is
Let us return to the radial part of the KG equation, (25) . By transforming R(r * ) = ψ(r * )/ √ r, we arrive to the following equation, in terms of the tortoise coordinate,
whereḟ = df /dr * ; while the effective potential V eff in the Schroedinger-like equation (32) , is
that we identify as the potential of a displaced harmonic oscillator, with frequency
2 ). Note that the displacement is proportional to the angular momentum of the scalar field, ℓ 2 . From Eq. (31) we can obtain r(r * ),
In Fig. 1 are displayed r(r * ) and r * (r). The effective potential can be written in terms of the tortoise coordinate,
The effective potential is depicted in Fig. 2 , both, as a function of r and of r * . It diverges at infinity, being, as a function of r, a confining harmonic oscillator-type potential; while as a function of r * it is a potential of the Rosen-Morse type [26] .
B. The solution for the QNMs of the WH
In [23] are determined the QNMs from the non-rotating BTZ-BH corresponding to a massless scalar field; the spectra of frequencies given by for the non-rotating BTZ-BH were calculated for a massive scalar field in [24] (see also [27] ) that we include just for reference, ω BTZ = ±ℓ |Λ| − i √ M (2n + 1) |Λ| + µ 2 + |Λ| , with n ∈ N + {0} and Λ < 0.
In a black hole the imaginary part of the QNM determines the time needed to relax the system after the perturbation is applied. Besides, the ringdown phase gives information of the resultant object after a merging of two black holes.
In our case the general solution of Eq. (25) is given by
where B 1 and B 2 are integration constants, P Z V (x) are the associated Legendre functions of the first kind, and Q Z V (x) are the associated Legendre functions of the second kind; while the parameters V and Z are given, respectively, by
For the sake of fluency in the text we skip the details on imposing the boundary conditions and include them in the Appendix. The boundary conditions for the QNM consist in assuming purely ingoing waves at the throat of the WH, r = r 0 , that in terms of the tortoise coordinate is R(r) ∼ e −iωr * . While it shall be required the vanishing of the solution at infinity, r → ∞. These conditions imply restrictions in the values of the arguments of the Gamma functions related to the hypergeometric functions. Joining both conditions we arrive to the following restrictions imposed on the WH parameters (M, Λ, q α ) combined with the parameters of the perturbing field (ℓ, µ, ω)it is obtained
Besides, the condition (39) when applied to the solution (37) it turns out that the second term becomes a multiple of the first one, and then the solution (37), in terms of the hypergeometric function, takes the form 
whereB 1 is a constant, see Appendix for details.
Clearly from the expression for ω, Eq. (41), we see that it is real and always positive. It may be a surprise that ω is not complex, as corresponds to an open system, as deceptively may appear a wormhole. However a clue that this is not the case ( the wormhole as an open system) came from the form of the effective potential. The throat is not similar to the event horizon in a black hole, where amounts of fields are lost once penetrating the horizon. In the case of a WH it is supposed that the waves that penetrate the throat are passing to other universe. This image will be reinforced with the analogue to the Kruskal-Szekeres and Penrose diagrams as we shall see in the next section. Moreover the fact that the frequency of the QNM has not an imaginary part, tells us that the system will remain the same, i.e. it is stable against massive scalar perturbations. In Fig. 3 are plotted the frequencies as a function of the mass M and of the anti-de Sitter parameter l, for n = 0, 1, 2; the tendency is of growing ω as M increases, we can deduce a similar behavior for the variation of the electromagnetic parameter q α , and a very slow increase of ω when l increases. In here we just note that for the hypergeometric function, if the first or the second argument is a non-positive integer, then the function reduces to a polynomial. In our problem it is possible to impose that condition, by making V = n, being n an integer. Since this is not our aim, we do not go further in this direction.
A remarkable particular case is ℓ = ± √ M 2 ,
This spectrum resembles the corresponding to a quantum harmonic oscillator under the influence of an electric field
2mω 2 , with a frequency given by ω = k m . i. e. for this particular frequency, ω 0 = 2 M 3 q 2 α , the massive scalar field, confined by the WH-AdS spacetime, will oscillate harmonically.
IV. THE MAXIMAL EXTENSION AND CAUSALITY: KRUSKAL-SZEKERES AND PENROSE DIAGRAMS
In order to understand the causal structure and the structure at infinity of the wormhole with metric (19), we will construct its Penrose diagram. Following the standard procedure we derive first the analogue to the Kruskal-Szekeres diagram.
To start with, since the causal structure is defined by the light cones, then we need to consider the radial null curves which by definition satisfy the null condition 0 = ds 2 (k α , k β ), k α being a null vector; that implies
Since the metric (19) has a coordinate singularity at r = − M Λ = √ l 2 M , we shall use the tortoise coordinate r * defined in (31) and with range
at the asymptotic AdS region). In terms of the coordinates (t, r * , φ) the line element (19) becomes
While in terms of these coordinates the radial null geodesics satisfy (t = ±r * + constant ). This motivates us to define the advanced and retarded null coordinates v and u, respectively, by
In these coordinates the metric (45) becomes
where −∞ < v < ∞, −∞ < u < ∞, and r 2 is a function of v and u given by,
We can see that the metric (47) is non-singular at r = r 0 = √ l 2 M (i.e, as
. Despite the coordinate ranges −∞ < u < ∞ and −∞ < v < ∞, the metric (47) spans only on the region
In order to extend the spacetime beyond the wormhole throat, r 0 = √ l 2 M , we are going to determine the affine parameter, λ, along the null geodesics and reparameterize them with the coordinates V = V (v), and U = U (u). We know that the geodesic tangent vector
The tangent vector can be written as
we find for the affine parameter λ,
where C 0 and C 1 are integration constants. Then, the affine parameter along the null geodesics suggests to define the new coordinates U and V by
therefore, in terms of U and V the metric (47) becomes
By transforming to T = (V − U )/2 and X = (V + U )/2, the metric (52) can be reduced to a more usual form given by
We can see that the coordinates (T, X) are the analogue to the Kruskal coordinates in Schwarzschild spacetime. In terms of (t, r * ) the coordinates (T, X) are
From Eqs. (54) it can be obtained
From the previous equation we deduce that, in terms of T and X, the region corresponding to the wormhole throat
While the asymptotic AdS region r ∼ ∞, or
, is equivalent to
Collecting (56) and (57), the Kruskal diagram corresponding to the spacetime (19) is depicted in Fig. 4 .
Finally, in order to obtain the Penrose diagram of the spacetime in consideration, we introduce the coordinates λ and ρ given by
Then, the WH metric in terms of (λ, ρ ), yields
and where r and ρ are related by
Now in order to draw the Penrose diagram, by using (60), we can see that for the range of ρ, i.e., ρ ∈ (−π, π), the regions that define the maximal extension of the spacetime correspond to Wormhole throat:
Asymptotic AdS regions: The Penrose diagram of the spacetime with metric (19) is shown in Fig. 5 . Finally, symmetries allows us to consider as the Penrose diagram for the metric (19) half of the strip ρ ∈ [−π, π], as shown in Fig. 6 . In a similar way than the BTZ Penrose diagram, the WH Penrose diagram can be embedded into the Einstein Universe. Every light ray coming from infinity ρ = π will pass through the WH throat and reach infinity ρ = 0, and vice versa. The Penrose diagram is in agreement with our interpretation that anything that crosses the throat is not lost, but passes to another universe, the extended manifold, with ρ ∈ (0, π), and also that the WH region is bounded, as is pointed out for the scalar field by its effective potential shape, depicted in Fig. 2 .
V. FINAL REMARKS
We have determined in exact form the QNMs of a massive scalar field interacting with a charged, static, ciclic symmetric (2+1)-dimensional traversable wormhole, determining that the characteristic frequencies are real and discrete; pointing to a closed system, in agreement with its corresponding Penrose diagram, from which we see that a light ray will pass through the WH throat and arrive to the extended manifold.
Since there are no propagating degrees of freedom in the purely (2+1)-dimensional gravity, it is important to couple (2+1)-gravity with other fields as well as probe (2+1)-systems with test fields such as scalar fields. The BTZ-black hole has been of great relevance providing a mathematical model of a holographic manifold. Then (2+1)-systems in which quasinormal modes are exactly computable, are encouraging examples for trying to go all the way through and find the correspondence with a holography theory [28] . Holographic principle, roughly speaking, consists in finding a lower-dimensional dual field theory that contains the same information as gravity. In the system worked out in the present paper, we consider two fields, an electromagnetic field, characterized by a gauge, A µ that could be the starting point to try a quantization squeme. We also show that the KG equation for a massive scalar field can be exactly solvable, providing then a scalar field, that could be used in searching for a correspondence in the AdS boundary. In other words, the system worked out here stimulates to explore the possibility of obtaining the conformal field associated to this AdS-WH solution in the bulk, according to the AdS/CFT correspondence. + and i − , denote the time infinity, future and past, respectively. Every light ray coming from infinity ρ = π will pass through the WH throat and reach infinity ρ = 0, and viceversa. In a similar way than for the BTZ Penrose diagram, the WH Penrose diagram can be embedded in the Einstein Universe. Figure 6 . Penrose diagram for the WH, metric (19) : Continuous vertical lines show the spatial infinity, while the dashed one represents the WH throat. Light rays coming from infinity ρ = π will pass through the WH throat, and then travel towards infinity.
To implement this asymptotic behavior in the solution R(r) we shall write it as
and separately analyze the two terms, R I (r) = 
On the other hand, given that V = 1 + µ 2 l 2 − 1 2 , and since µ, l ∈ R ⇒ 1 + µ 2 l 2 > 1 ⇒ V > 
i.e. R I (r) has the asymptotic behaviors (26) and (27) provided 1 − Z + V = −2n, con n ∈ N + {0}.
3.
Behavior of RII (r) at infinity
In Eq. (71) was defined R II (r). Substituting it into the previously derived condition (79) leads to the vanishing of the second term of R II (r) since 1/Γ(−Z + 1 + V ) = 0. This will occur whenever (i) Z is not an integer, otherwise csc(Zπ) will diverge; and (ii) 1 + Z + V = −n with n ∈ N + 0, otherwise Γ(1 + Z + V ) diverges.
Summarizing, the fulfilment of the condition (79), along with Z = ±n and 1 + Z + V = −n, n ∈ N + 0, leads to the following simplifications, R II (r) = π 2 R I (r) ⇒ R(r) = B 1 R I (r) + B 2 R II (r) =B 1 R I (r), i.e., R(r) =B 1 R I (r), ∀r.
Being then achieved the fulfilment of the two boundary conditions for the solution R(r) for the QNMs from the WH, both at the throat and at infinity.
